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N

P ⇥N

P
⇥

N

S.1 /Bb+`2iBx�iBQM
2

6664

↵1
1

↵2
1
XXX

↵P
N

3

7775

<latexit sha1_base64="MPpqn/SzXtoubib/Z3byGLviVx8="></latexit>

BC: u = g 8x 2 @⌦

<latexit sha1_base64="azSXejQw8NNRKcF5kHu0br7NyL0=">AAACAHicdVA9SwNBEN3zM8avUwsLm8UgWIU7NSbXKTYWFhGMEZIQ9jZzyZK9D3bnxHBc41+xsVDE1p9h579xoxFU9MHA472Z3ZnnJ1JodJw3a2p6ZnZuvrBQXFxaXlm119YvdZwqDg0ey1hd+UyDFBE0UKCEq0QBC30JTX94Mvab16C0iKMLHCXQCVk/EoHgDI3UtTfbCDeowuzMPMAUPZZ98BXLu3bJKXu1SmW/Rp2y43h7XtUQz/Pcqktdo4xRIhPUu/ZruxfzNIQIuWRat1wnwU7GFAouIS+2Uw0J40PWh5ahEQtBd7KPA3K6Y5QeDWJlKkL6oX6fyFio9Sj0TWfIcKB/e2PxL6+VYlDrZCJKUoSIf34UpJJiTMdp0J5QwFGODGFcCbMr5QOmGEeTWdGE8HUp/Z9c7pXdw3Ll/KB0dDCJo0C2yDbZJS6pkiNySuqkQTjJyR15II/WrXVvPVnPn61T1mRmg/yA9fIOpOCXEw==</latexit>

Linear Algebra

<latexit sha1_base64="exB817pETiptzvCU+2NBz/NbHVo="></latexit>2

6666664

. . . . . . . . .

. . . . . . . . .
...
...

. . . . . . . . .

3

7777775

2

6664

↵1
1

↵2
1
...

↵P
N

3

7775
=

2

6666664

b1
b2
...
...
bN

3

7777775

<latexit sha1_base64="dE+B0ji9FrJjrgQMdsph/xF73t0="></latexit>

Mathematical Modeling

<latexit sha1_base64="OBKMz1Fjrt7s+IjmnDY7KOYXWfA=">AAAB83icdVDLSgNBEJz1GeMr6tHLYBA8LbsxMdmTAS8eFCKYB2SXMDuZJENmH8z0imHJb3jxoIhXf8abf+NsEkFFCxqKqm66u/xYcAWW9WEsLa+srq3nNvKbW9s7u4W9/ZaKEklZk0Yikh2fKCZ4yJrAQbBOLBkJfMHa/vgi89t3TCoehbcwiZkXkGHIB5wS0JLrArsHGaTXV+fTXqFomU6tUjmtYcu0LKfkVDVxHMeu2tjWSoYiWqDRK7y7/YgmAQuBCqJU17Zi8FIigVPBpnk3USwmdEyGrKtpSAKmvHR28xQfa6WPB5HUFQKeqd8nUhIoNQl83RkQGKnfXib+5XUTGNS8lIdxAiyk80WDRGCIcBYA7nPJKIiJJoRKrm/FdEQkoaBjyusQvj7F/5NWybTPzMpNuVgvL+LIoUN0hE6Qjaqoji5RAzURRTF6QE/o2UiMR+PFeJ23LhmLmQP0A8bbJ78YkiM=</latexit>

ML?

<latexit sha1_base64="0AZ/SVsLrp60HMLKCH8hFckMLzA=">AAACCXicdVA9SwNBEN3zM8avU0ubxSBYHXdqTK4TbCwjGhWSI+xtJsni3ge7c2I40tr4V2wsFLH1H9j5b9yLEVR0YOHx3puZnRemUmh03Xdranpmdm6+tFBeXFpeWbXX1s91kikOTZ7IRF2GTIMUMTRRoITLVAGLQgkX4dVRoV9cg9Iiic9wmEIQsX4seoIzNFTHpm2EG1RRfprIrKCoAjNAQ4xjx6hjV1zHr1ere3XqOq7r7/o1A3zf92oe9QxTVIVMqtGx39rdhGeRmcAl07rluSkGOVMouIRRuZ1pSBm/Yn1oGRizCHSQjy8Z0W3DdGkvUebFSMfs946cRVoPo9A4I4YD/VsryL+0Voa9epCLOM0QYv65qJdJigktYqFdoYCjHBrAuBLmr5QPmGIcTXhlE8LXpfR/cL7reAdO9WS/crg/iaNENskW2SEeqZFDckwapEk4uSX35JE8WXfWg/VsvXxap6xJzwb5UdbrB9jXm7Q=</latexit>

Solution representation

<latexit sha1_base64="+Rv3c8gTy+WP1W0mWMI59hP5FCw=">AAAB/3icdZDLSgMxFIYz9VbrbVRw4yZYBFdlpra2syu4cVnBXqAdSiZN29DMheSMWMcufBU3LhRx62u4823MtBVU9IfAz3fO4Zz8XiS4Asv6MDJLyyura9n13Mbm1vaOubvXVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsbn6f11jWTiofBFUwi5vpkGPABpwQ06pkHXWA3IP2kyVVMBL+d8WnPzFsFp1oun1axVbAsp+hUtHEcx67Y2NYkVR4tVO+Z791+SGOfBUAFUapjWxG4CZHAqWDTXDdWLCJ0TIaso21AfKbcZHb/FB9r0seDUOoXAJ7R7xMJ8ZWa+J7u9AmM1O9aCv+qdWIYVN2EB1EMLKDzRYNYYAhxGgbuc8koiIk2hEqub8V0RCShoCPL6RC+for/N81iwT4rlC9L+VppEUcWHaIjdIJsVEE1dIHqqIEoukMP6Ak9G/fGo/FivM5bM8ZiZh/9kPH2CepQl1I=</latexit>

Visualization

<latexit sha1_base64="iQdKKKOHpv620VmkCkghu5Z9hSE="></latexit>

PDE:
Du

Dt
= µ4u�rpf+ BC 8x 2 ⌦

<latexit sha1_base64="BoE5hoXH9m9PmwkPYGViZ2d9LwM="></latexit>

Compare, Validate, Learn

MACS @ UC Merced
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<latexit sha1_base64="6PVQjdKdMGsd+MD5HU5/myey3V0=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZEE70FvHiSBMwCyRB6OjVJm56F7h4hDPkCLx4U8eonefNv7CyC64OCx3tVVNXzE8GVdpx3K7e0vLK6ll8vbGxube8Ud/eaKk4lwwaLRSzbPlUoeIQNzbXAdiKRhr7Alj+6nPqtO5SKx9GNHifohXQQ8YAzqo1Uv+4VS45dcdyLskt+E9d2ZijBArVe8a3bj1kaYqSZoEp1XCfRXkal5kzgpNBNFSaUjegAO4ZGNETlZbNDJ+TIKH0SxNJUpMlM/TqR0VCpceibzpDqofrpTcW/vE6qg3Mv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yKZgQPj8l/5Pmie2W7bP6aal6uogjDwdwCMfgQgWqcAU1aAADhHt4hCfr1nqwnq2XeWvOWszswzdYrx8N5I0W</latexit>

N

P ⇥N

P
⇥

N

S.1 /Bb+`2iBx�iBQM
2

6664

↵1
1

↵2
1
XXX

↵P
N

3

7775

<latexit sha1_base64="MPpqn/SzXtoubib/Z3byGLviVx8="></latexit>

BC: u = g 8x 2 @⌦

<latexit sha1_base64="azSXejQw8NNRKcF5kHu0br7NyL0=">AAACAHicdVA9SwNBEN3zM8avUwsLm8UgWIU7NSbXKTYWFhGMEZIQ9jZzyZK9D3bnxHBc41+xsVDE1p9h579xoxFU9MHA472Z3ZnnJ1JodJw3a2p6ZnZuvrBQXFxaXlm119YvdZwqDg0ey1hd+UyDFBE0UKCEq0QBC30JTX94Mvab16C0iKMLHCXQCVk/EoHgDI3UtTfbCDeowuzMPMAUPZZ98BXLu3bJKXu1SmW/Rp2y43h7XtUQz/Pcqktdo4xRIhPUu/ZruxfzNIQIuWRat1wnwU7GFAouIS+2Uw0J40PWh5ahEQtBd7KPA3K6Y5QeDWJlKkL6oX6fyFio9Sj0TWfIcKB/e2PxL6+VYlDrZCJKUoSIf34UpJJiTMdp0J5QwFGODGFcCbMr5QOmGEeTWdGE8HUp/Z9c7pXdw3Ll/KB0dDCJo0C2yDbZJS6pkiNySuqkQTjJyR15II/WrXVvPVnPn61T1mRmg/yA9fIOpOCXEw==</latexit>

Linear Algebra

<latexit sha1_base64="exB817pETiptzvCU+2NBz/NbHVo="></latexit>2

6666664

. . . . . . . . .

. . . . . . . . .
...
...

. . . . . . . . .

3

7777775

2

6664

↵1
1

↵2
1
...

↵P
N

3

7775
=

2

6666664

b1
b2
...
...
bN

3

7777775

<latexit sha1_base64="dE+B0ji9FrJjrgQMdsph/xF73t0="></latexit>

Mathematical Modeling

<latexit sha1_base64="OBKMz1Fjrt7s+IjmnDY7KOYXWfA=">AAAB83icdVDLSgNBEJz1GeMr6tHLYBA8LbsxMdmTAS8eFCKYB2SXMDuZJENmH8z0imHJb3jxoIhXf8abf+NsEkFFCxqKqm66u/xYcAWW9WEsLa+srq3nNvKbW9s7u4W9/ZaKEklZk0Yikh2fKCZ4yJrAQbBOLBkJfMHa/vgi89t3TCoehbcwiZkXkGHIB5wS0JLrArsHGaTXV+fTXqFomU6tUjmtYcu0LKfkVDVxHMeu2tjWSoYiWqDRK7y7/YgmAQuBCqJU17Zi8FIigVPBpnk3USwmdEyGrKtpSAKmvHR28xQfa6WPB5HUFQKeqd8nUhIoNQl83RkQGKnfXib+5XUTGNS8lIdxAiyk80WDRGCIcBYA7nPJKIiJJoRKrm/FdEQkoaBjyusQvj7F/5NWybTPzMpNuVgvL+LIoUN0hE6Qjaqoji5RAzURRTF6QE/o2UiMR+PFeJ23LhmLmQP0A8bbJ78YkiM=</latexit>

ML?

<latexit sha1_base64="0AZ/SVsLrp60HMLKCH8hFckMLzA=">AAACCXicdVA9SwNBEN3zM8avU0ubxSBYHXdqTK4TbCwjGhWSI+xtJsni3ge7c2I40tr4V2wsFLH1H9j5b9yLEVR0YOHx3puZnRemUmh03Xdranpmdm6+tFBeXFpeWbXX1s91kikOTZ7IRF2GTIMUMTRRoITLVAGLQgkX4dVRoV9cg9Iiic9wmEIQsX4seoIzNFTHpm2EG1RRfprIrKCoAjNAQ4xjx6hjV1zHr1ere3XqOq7r7/o1A3zf92oe9QxTVIVMqtGx39rdhGeRmcAl07rluSkGOVMouIRRuZ1pSBm/Yn1oGRizCHSQjy8Z0W3DdGkvUebFSMfs946cRVoPo9A4I4YD/VsryL+0Voa9epCLOM0QYv65qJdJigktYqFdoYCjHBrAuBLmr5QPmGIcTXhlE8LXpfR/cL7reAdO9WS/crg/iaNENskW2SEeqZFDckwapEk4uSX35JE8WXfWg/VsvXxap6xJzwb5UdbrB9jXm7Q=</latexit>

Solution representation

<latexit sha1_base64="+Rv3c8gTy+WP1W0mWMI59hP5FCw=">AAAB/3icdZDLSgMxFIYz9VbrbVRw4yZYBFdlpra2syu4cVnBXqAdSiZN29DMheSMWMcufBU3LhRx62u4823MtBVU9IfAz3fO4Zz8XiS4Asv6MDJLyyura9n13Mbm1vaOubvXVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsbn6f11jWTiofBFUwi5vpkGPABpwQ06pkHXWA3IP2kyVVMBL+d8WnPzFsFp1oun1axVbAsp+hUtHEcx67Y2NYkVR4tVO+Z791+SGOfBUAFUapjWxG4CZHAqWDTXDdWLCJ0TIaso21AfKbcZHb/FB9r0seDUOoXAJ7R7xMJ8ZWa+J7u9AmM1O9aCv+qdWIYVN2EB1EMLKDzRYNYYAhxGgbuc8koiIk2hEqub8V0RCShoCPL6RC+for/N81iwT4rlC9L+VppEUcWHaIjdIJsVEE1dIHqqIEoukMP6Ak9G/fGo/FivM5bM8ZiZh/9kPH2CepQl1I=</latexit>

Visualization

<latexit sha1_base64="iQdKKKOHpv620VmkCkghu5Z9hSE="></latexit>

PDE:
Du

Dt
= µ4u�rpf+ BC 8x 2 ⌦

<latexit sha1_base64="BoE5hoXH9m9PmwkPYGViZ2d9LwM="></latexit>

Compare, Validate, Learn

MACS @ UC Merced
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<latexit sha1_base64="6PVQjdKdMGsd+MD5HU5/myey3V0=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZEE70FvHiSBMwCyRB6OjVJm56F7h4hDPkCLx4U8eonefNv7CyC64OCx3tVVNXzE8GVdpx3K7e0vLK6ll8vbGxube8Ud/eaKk4lwwaLRSzbPlUoeIQNzbXAdiKRhr7Alj+6nPqtO5SKx9GNHifohXQQ8YAzqo1Uv+4VS45dcdyLskt+E9d2ZijBArVe8a3bj1kaYqSZoEp1XCfRXkal5kzgpNBNFSaUjegAO4ZGNETlZbNDJ+TIKH0SxNJUpMlM/TqR0VCpceibzpDqofrpTcW/vE6qg3Mv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yKZgQPj8l/5Pmie2W7bP6aal6uogjDwdwCMfgQgWqcAU1aAADhHt4hCfr1nqwnq2XeWvOWszswzdYrx8N5I0W</latexit>

N

P ⇥N

P
⇥

N

S.1 /Bb+`2iBx�iBQM
2

6664

↵1
1

↵2
1
XXX

↵P
N

3

7775

<latexit sha1_base64="MPpqn/SzXtoubib/Z3byGLviVx8="></latexit>

BC: u = g 8x 2 @⌦

<latexit sha1_base64="azSXejQw8NNRKcF5kHu0br7NyL0=">AAACAHicdVA9SwNBEN3zM8avUwsLm8UgWIU7NSbXKTYWFhGMEZIQ9jZzyZK9D3bnxHBc41+xsVDE1p9h579xoxFU9MHA472Z3ZnnJ1JodJw3a2p6ZnZuvrBQXFxaXlm119YvdZwqDg0ey1hd+UyDFBE0UKCEq0QBC30JTX94Mvab16C0iKMLHCXQCVk/EoHgDI3UtTfbCDeowuzMPMAUPZZ98BXLu3bJKXu1SmW/Rp2y43h7XtUQz/Pcqktdo4xRIhPUu/ZruxfzNIQIuWRat1wnwU7GFAouIS+2Uw0J40PWh5ahEQtBd7KPA3K6Y5QeDWJlKkL6oX6fyFio9Sj0TWfIcKB/e2PxL6+VYlDrZCJKUoSIf34UpJJiTMdp0J5QwFGODGFcCbMr5QOmGEeTWdGE8HUp/Z9c7pXdw3Ll/KB0dDCJo0C2yDbZJS6pkiNySuqkQTjJyR15II/WrXVvPVnPn61T1mRmg/yA9fIOpOCXEw==</latexit>

Linear Algebra

<latexit sha1_base64="exB817pETiptzvCU+2NBz/NbHVo="></latexit>2

6666664

. . . . . . . . .

. . . . . . . . .
...
...

. . . . . . . . .

3

7777775

2

6664

↵1
1

↵2
1
...

↵P
N

3

7775
=

2

6666664

b1
b2
...
...
bN

3

7777775

<latexit sha1_base64="dE+B0ji9FrJjrgQMdsph/xF73t0="></latexit>

Mathematical Modeling

<latexit sha1_base64="OBKMz1Fjrt7s+IjmnDY7KOYXWfA=">AAAB83icdVDLSgNBEJz1GeMr6tHLYBA8LbsxMdmTAS8eFCKYB2SXMDuZJENmH8z0imHJb3jxoIhXf8abf+NsEkFFCxqKqm66u/xYcAWW9WEsLa+srq3nNvKbW9s7u4W9/ZaKEklZk0Yikh2fKCZ4yJrAQbBOLBkJfMHa/vgi89t3TCoehbcwiZkXkGHIB5wS0JLrArsHGaTXV+fTXqFomU6tUjmtYcu0LKfkVDVxHMeu2tjWSoYiWqDRK7y7/YgmAQuBCqJU17Zi8FIigVPBpnk3USwmdEyGrKtpSAKmvHR28xQfa6WPB5HUFQKeqd8nUhIoNQl83RkQGKnfXib+5XUTGNS8lIdxAiyk80WDRGCIcBYA7nPJKIiJJoRKrm/FdEQkoaBjyusQvj7F/5NWybTPzMpNuVgvL+LIoUN0hE6Qjaqoji5RAzURRTF6QE/o2UiMR+PFeJ23LhmLmQP0A8bbJ78YkiM=</latexit>

ML?

<latexit sha1_base64="0AZ/SVsLrp60HMLKCH8hFckMLzA=">AAACCXicdVA9SwNBEN3zM8avU0ubxSBYHXdqTK4TbCwjGhWSI+xtJsni3ge7c2I40tr4V2wsFLH1H9j5b9yLEVR0YOHx3puZnRemUmh03Xdranpmdm6+tFBeXFpeWbXX1s91kikOTZ7IRF2GTIMUMTRRoITLVAGLQgkX4dVRoV9cg9Iiic9wmEIQsX4seoIzNFTHpm2EG1RRfprIrKCoAjNAQ4xjx6hjV1zHr1ere3XqOq7r7/o1A3zf92oe9QxTVIVMqtGx39rdhGeRmcAl07rluSkGOVMouIRRuZ1pSBm/Yn1oGRizCHSQjy8Z0W3DdGkvUebFSMfs946cRVoPo9A4I4YD/VsryL+0Voa9epCLOM0QYv65qJdJigktYqFdoYCjHBrAuBLmr5QPmGIcTXhlE8LXpfR/cL7reAdO9WS/crg/iaNENskW2SEeqZFDckwapEk4uSX35JE8WXfWg/VsvXxap6xJzwb5UdbrB9jXm7Q=</latexit>

Solution representation

<latexit sha1_base64="+Rv3c8gTy+WP1W0mWMI59hP5FCw=">AAAB/3icdZDLSgMxFIYz9VbrbVRw4yZYBFdlpra2syu4cVnBXqAdSiZN29DMheSMWMcufBU3LhRx62u4823MtBVU9IfAz3fO4Zz8XiS4Asv6MDJLyyura9n13Mbm1vaOubvXVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsbn6f11jWTiofBFUwi5vpkGPABpwQ06pkHXWA3IP2kyVVMBL+d8WnPzFsFp1oun1axVbAsp+hUtHEcx67Y2NYkVR4tVO+Z791+SGOfBUAFUapjWxG4CZHAqWDTXDdWLCJ0TIaso21AfKbcZHb/FB9r0seDUOoXAJ7R7xMJ8ZWa+J7u9AmM1O9aCv+qdWIYVN2EB1EMLKDzRYNYYAhxGgbuc8koiIk2hEqub8V0RCShoCPL6RC+for/N81iwT4rlC9L+VppEUcWHaIjdIJsVEE1dIHqqIEoukMP6Ak9G/fGo/FivM5bM8ZiZh/9kPH2CepQl1I=</latexit>

Visualization

<latexit sha1_base64="iQdKKKOHpv620VmkCkghu5Z9hSE="></latexit>

PDE:
Du

Dt
= µ4u�rpf+ BC 8x 2 ⌦

<latexit sha1_base64="BoE5hoXH9m9PmwkPYGViZ2d9LwM="></latexit>

Compare, Validate, Learn

MACS @ UC Merced
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<latexit sha1_base64="6PVQjdKdMGsd+MD5HU5/myey3V0=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZEE70FvHiSBMwCyRB6OjVJm56F7h4hDPkCLx4U8eonefNv7CyC64OCx3tVVNXzE8GVdpx3K7e0vLK6ll8vbGxube8Ud/eaKk4lwwaLRSzbPlUoeIQNzbXAdiKRhr7Alj+6nPqtO5SKx9GNHifohXQQ8YAzqo1Uv+4VS45dcdyLskt+E9d2ZijBArVe8a3bj1kaYqSZoEp1XCfRXkal5kzgpNBNFSaUjegAO4ZGNETlZbNDJ+TIKH0SxNJUpMlM/TqR0VCpceibzpDqofrpTcW/vE6qg3Mv41GSaozYfFGQCqJjMv2a9LlEpsXYEMokN7cSNqSSMm2yKZgQPj8l/5Pmie2W7bP6aal6uogjDwdwCMfgQgWqcAU1aAADhHt4hCfr1nqwnq2XeWvOWszswzdYrx8N5I0W</latexit>

N
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N

S.1 /Bb+`2iBx�iBQM
2

6664

↵1
1

↵2
1
XXX

↵P
N

3

7775

<latexit sha1_base64="MPpqn/SzXtoubib/Z3byGLviVx8="></latexit>

BC: u = g 8x 2 @⌦

<latexit sha1_base64="azSXejQw8NNRKcF5kHu0br7NyL0=">AAACAHicdVA9SwNBEN3zM8avUwsLm8UgWIU7NSbXKTYWFhGMEZIQ9jZzyZK9D3bnxHBc41+xsVDE1p9h579xoxFU9MHA472Z3ZnnJ1JodJw3a2p6ZnZuvrBQXFxaXlm119YvdZwqDg0ey1hd+UyDFBE0UKCEq0QBC30JTX94Mvab16C0iKMLHCXQCVk/EoHgDI3UtTfbCDeowuzMPMAUPZZ98BXLu3bJKXu1SmW/Rp2y43h7XtUQz/Pcqktdo4xRIhPUu/ZruxfzNIQIuWRat1wnwU7GFAouIS+2Uw0J40PWh5ahEQtBd7KPA3K6Y5QeDWJlKkL6oX6fyFio9Sj0TWfIcKB/e2PxL6+VYlDrZCJKUoSIf34UpJJiTMdp0J5QwFGODGFcCbMr5QOmGEeTWdGE8HUp/Z9c7pXdw3Ll/KB0dDCJo0C2yDbZJS6pkiNySuqkQTjJyR15II/WrXVvPVnPn61T1mRmg/yA9fIOpOCXEw==</latexit>
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bitbucket.org/casl_macs

Scientific Library
•  Self-contained HPC library: Mathema&cal Sandbox 

•  C++, openMP 

•  (Non-graded) Octree/Quadtree 

•  Finite Differences and Volumes 

• Ellip&c, parabolic, and hyperbolic (advec2on, diffusion, reac2on) 

•  Sharp Boundary condi2ons, Complex/moving interfaces 

• More than 200K lines of code 

•  “User friendly”
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Prions aggregation in dividing yeast cells

Diffusion reaction equations

Heydari et al. Journal of Computational Sciences (2021)



Electrostatic of folding proteins

Poisson-Boltzmann

Interface conditions

Main quantities

TQi2MiB�H,  1H2+i`B+ }2H/, E = �r 
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[ ]� = 0, [✏r · n]� = 0

Kucherova et al. Journal of Computational Sciences (2020)



Fylling et al. SoftMatter 2023

Active Biological Suspensions



Flows around urban structures



2. Stable nodal projection method on octree grids 21
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Flows around urban structures
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Flows Around Solid Objects - Erosion of an Assyrian Palace

Palace reconstruction 

Eroded palace 

Average predominant wind 
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Flows Around Solid Objects - Spining Windturbine



A Volume-Preserving Reference Map Method for 
the Level Set Representation

Maxime Theillard 
Applied Mathematics Department 
University of California, Merced
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Deep horizon oil spill (2010)

Motivations



Motivations



Oil droplets retention in oceanic plumes



Oil droplets retention in stratified fluid



Experiments



Experiments



Experiments
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• Problem 

• incompressible NS in each phase 

• continuity equations 

• Density advection 

• Motion of the interface

@⇢

@t
+ u ·r⇢ = 0 • Numerical tools: Finite Volume, projection 

method, level-set/reference map, adaptive octree 
grids, sharp discretization, OpenMP… 

Mathematical & numerical modeling



• Solve incompressible two-phase Navier-Stokes 

• Coupling with the droplet interface 

• Expensive simulations: long times, large domains…. 

• Significant mass loss )

Computational challenges
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• Level set method 

• Geometric quantities 

• Motion of the interface 
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Interface representation



Level set method



• Reference map 

• Advection 

• Level-set reconstruction 

• Restart if needed to ensure
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u
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. A coupled level-set and reference-map method for interface representation, T. Bellotti, M. Theillard, JCP 2019

Reference map



• Restarting criteria 

Reference map



Results: Enright’s sphere

Reference map



Reference map



Level set VS reference map



• Mass conservation 

• Assume divergence-free velocity 

• Level-set perspective 

• Reference map perspective 

• Change of variable
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Volume preserving method
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•  Volume-preserving correction 

• Such that

Volume preserving method



• Stability 

• Accuracy )
)

Volume preserving method

• Properties 
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• Potential issues: loss of bijectivity (red), loss of connectivity (white) 

• Shell width? 

Volume preserving method

• Shell only 



•  Linearization 

•  We want 

•  Small deviations from volume-preserving space 

•  Smallest possible correction 

•  Lagrangian

• Definition of the correction 

)
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Volume preserving method



• Existence and Uniqueness of the correction 

• Proof 

• Differentiate the Lagrangian  

• Express optimality conditions 

• Functional analysis 

Volume preserving methodVolume preserving method



• Proof 

• Differentiate the Lagrangian  

• Express optimality conditions 

• Functional analysis 

)

Volume preserving method



• Algorithm 

Volume preserving method



• Implementation 

• Quad/Octree grids 

• Adapted to the interface location 

• Advection: semi-Lagrangian 

• Poisson: Finite Difference 

• Supra convergenet 

• Interpolations: Quadratic WENO 

Volume preserving method



• Summary 

 * Using 2nd order discretization 

** Assuming compressible velocity is

 *

 

**

O(�x)

Theoretical error analysis



• Velocity  

• Errors 

Analytic vortex



• Convergence 

• Index by tree level 

• CFL = 5 

Analytic vortex



Analytic vortex



Volume-preserving method CLSRM

Analytic vortex



• Velocity field 

• Mimic (converging) error on velocity 

Artificial Expansion

• Errors 



Split in two

• Velocity field 

• Errors 



• Experimental parameters

• Uniform density (lower/heavier fluid) 

• Full NS

Rising droplet

. Retention of oil droplets in density stratification, T. Mandel et al., PRF 2020



Rising droplet



Rising droplet (Bhaga & Weber 1981)



Rising droplet in stratified flows



Rising droplet in stratified flows



Rising droplet in stratified flows







• Rising velocity 

Rising droplet in stratified flows



• Rising velocity 

Rising droplet in stratified flows

 Marangoni forces due to surfactants? 
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 Novel volume-preserving reference map method  
• Projec2on on the volume-preserving space 
• Improved but inexact mass conserva2on 
• Substan2al mass loss reduc2on

Conclusions

Future direc&ons 
• Generaliza2on to other advec2on problems 
• Itera2ve method for the non-linear constraint  
• Compressible case ?


