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Motivation: nuclear waste repository in deep underground
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Corrosion of iron: state of the art

moving interfaces
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Applied potental V=005 V/ENH.

State of the art

i
» Reference model not based on thermodynamics § |
[Bataillon et al. '10]

» Simulations without mathematical assessment g”
[Bataillon et al. '12]
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Chemical reaction summary
[Bataillon et al. '10]
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Overall goal of our project within EURAD (2019-2023)

Derivation of a thermodynamically consistent model
» Same physical ingredients as in [Bataillon et al. '10, '12]
» Compatibility with thermodynamics (2" principle)

Mathematical analysis of the model
> Generalized gradient flow structure [Mielke '11]
» Existence, uniqueness

» Long-time behaviour

Design, analysis and implementation of relevant schemes
» Entropy production at the discrete level
» Convergence

» Long-time behaviour
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A reduced model with 2 species
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A reduced (toy) model

[Chainais-Hillairet & Lacroix-Violet '15]

fixed interfaces

N

x=0 x=1
electrons
Fe3t

Some notations
@ uy: concentration of iron cations Fe3*
@ uy: concentration of electrons e~
o Ji, Jo: flux of Fe3* and e~

Orttj +05J;i =0
@ y;: electrochemical potential
Ji = =ni(u;)Oxpi, ni(u;i) >0
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Electrical and chemical potentials

o zi: charge of the i*" species

z1=43, z=-1

o Electrostatic potential W

N0V = zuj+ pn in (0,1)
i=1,2

U — iV = AVE™ atx=0

U+ a0V =V — AW atx=1

o Chemical potentials ;X (u;) to be determined
o Electro-chemical potentials

pi = pf +zV
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About the boundary conditions

Ansatz: boundary fluxes are generated by differences in the chemical potentials
o fori=1,2:

—Ji(£,0) =2 (ui, 1i(0) — )
Ji(t, 1) =f* (ur, (1) — )

o X, x € {0,1}, satisfies

1

@ The electrochemical potentials outside the oxide still to be defined

> 15°' in the solution

met

> 1" in the metal
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Iron cations Fe3t

Clément Cancés (Inria RAPSODI) Thermodynamical model for iron corrosion CEA DAM - April 28, 2022 10/31



Butler-Volmer conditions
[Bataillon et al. '10]

Butler-Volmer fluxes
—1(£,0) = Kou e2Y — MOty — uy)e 2V (11 =2)

A(t,1) = miu e2V) k(T — uy)e” TOY)
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Butler-Volmer conditions
[Bataillon et al. '10]

Butler-Volmer fluxes
—1(£,0) = Kou e2Y — MOty — uy)e 2V (11 =2)

A(t,1) = miu e2V) k(T — uy)e” TOY)

Reformulation of the Butler-Volmer conditions

—JA(t,0) = 2r{(u1(0)) sinh (; <'°g S rav- Cg)>

iy —

U1

J1(t,1) = 2r(ur(1)) sinh <; (Iog +aV—c -2 v))

up—

. — 0 m?° 1 K
with rf () = /kim{u (T — 1), ¢ = Iogk—§ and ¢} = Iogm—li

Some remarks
Q /j,ic(ul) = |0g uy Q /1'?0| _ C]Q, /jl:_net _ Cil +3V

U1—u

@ mX >0 and kX > 0 (reversibility) @ Vacancy diffusion
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Drift diffusion for cations in the oxide

From the ansatz

Opur + 0y =0, S = —n1(u1)Ocpa

Fermi-Dirac statistics

Vacancy diffusion

771(U1) =

—_— = JS=-d (3 u + Zli(mu_ U1)8x\|’)
1
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Electrons e™
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Electron exchange with the solution
[Bataillon et al. '10]

—4(0,t) = k§U2e22‘U/2 — mge_22"’/2

=2r9(u»(0)) sinh (% (log(uz) + 22V — cS))

0
: _ 00 0 _ (s
with r; = \/m3k3us et ¢ = log E

Some remarks

px (u2) = log up (Boltzmann statistics)

m3 > 0 et k9 > 0 (reversibility)

pl =

Band conduction (no limitation on the number of electrons)

© 0 0o
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Drift diffusion of the electrons in the oxide
[Bataillon et al. '10]

From the ansatz

Oty + Ox o =0, Jo = —mp(u2)Oxpi2

Boltzmann statistics
po = log ux + 22V

Band conduction

772(U2) = chun - b =—d> (c’)qu + 22U28X\U)
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Electron exchanges with the metal

Unbalanced Butler-Volmer condition
B = myup — kye=V "V

= X w) (1 _ e—(u:—u?“))

1
with k3 = m3u, and Pt = log %2- + 2V

Dissipation property

As for the other boundary fluxes,

Jy(p2 — p5) >0

Remark: : This property was not encoded in [Bataillon et al. "10]
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Free energy dissipation
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Unknowns and evolution processes
@ uy, Up: concentrations in the oxide layer
@ Ji, J»: corresponding fluxes

8tu,- + 8XJ,' =0 in R+ X (07 1)

o U U5 quantity of iron cations and (attached) electrons in the solution

d sol :
U = —(0)

o UMt UMt quantity of iron and electrons in the metal

d t
Zumet — (1
Suret = J(1)

o Self-consistent electrostatic potential W (Poisson — Robin)
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Electric energy

Dual electrostatic energy ¢

/\2 ! 2 1 0 pzc|2 1 1 pzc|2
€(9) = | [ 1060 + —[6° = AVFF[ 4 — ¢ = V + AWE¥|
0 Qo (651

o=V
V — AVP=
¢1
¢
x=1 ’
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Electric energy

Primal electrostatic energy £

1
£(u) = () =sup | [ po— (o)
@ 0
where p is the charge:

p = z1u1 + ZoUz + ph

>‘2 2 0 pzc |2 )‘2 12 pzc|2
o [ 10017 4 o (WO — 1AWEP) + 25 (W |V — 2wEeP)

where the electric potential ¥ = 5 £ satisfies the elliptic equation

—MN0V =p dans (0, 1),
—aP9, W0 + (W0 — AUP*) =0 en 0,
OVt + (W — V+ AVP*) =0 enl.
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Electric energy

Primal electrostatic energy £

E(u) =€ (p) = sup [/01 pd — e(<z5)]

where p is the charge:

o0&
p = ziuy + Zouz + pp = EZZ/‘U
>‘2 2 0 zc |2 )‘2 12 ZzC |2
o [ 10017 4 o (WO — 1AWEP) + 25 (W |V — 2wEeP)

where the electric potential ¥ = 5 £ satisfies the elliptic equation

—MN0V =p dans (0, 1),
—aP9, W0 + (W0 — AUP*) =0 en 0,
OVt + (W — V+ AVP*) =0 enl.
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Chemical and electro-chemical free energies
Chemical energy
1
A(u) = / [uglog uy + (U1 — u1) log(Ty — u1) + walogup — up + K] >0
0

Oxide electrochemical energy

Flu)=A(u) +&E(u) >0

Total electrochemical energy

Frot(t) = A(u(t)) + E(u(t)) + (UP () + U (1))
i=1,2

contributions from outside the oxide
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Free energy dissipation

Energy dissipation equality

]:tot"‘Z/ J( 6XPJ:

+ ) 5@ (1) = ) + > (=4i(0)) (mi(0) — ') =0
i=1,2 i=1,2
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Free energy dissipation

Energy dissipation equality

ftot‘l‘Z/ J( 6)(“1

+ ) 5@ (1) = ) + > (=4i(0)) (mi(0) — ') =0
i=1,2 i=1,2

Corollary

@ Time-dependent bound on the oxide energy
0< F(u(t))<C(t) = 0<u <01, wely(Ry; LlogL(0,1))

@ C! bound on the electric potential

10:W(2)lloo < ()

v
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Clément Cancés (Inria RAPSODI)

A global existence result

Theorem [C., Chainais-Hillairet, Merlet, Raimondi & Venel, submitted]

Assume that the initial concentration profiles satisfy
ui(t =0) > € >0, n(t=0) <7 —e<Tn,
then there exists a weak solution with
i € L2o(Rys HA0,1)) N LE(Ry [0, 1])

In particular, (EDE) is satisfied.

Main ideas of the proof [Gajewski & Groger '89 '96], ...
© regularize n; and r near u; = 0 and u; = T; and discretize w.r.t. time
@ existence of a solution to the regularized time discrete problem
Q limit At — 0 ~ existence to the regularized system

© Moser iterations ~» [|11j|lcc < C == (u;); solution to the initial problem
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Numerical approximation
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Main ingredients

Finite Volume approximation
» Fully implicit in time (Backward Euler scheme)

» TPFA finite volume scheme for the Poisson equation on W
[Herbin '95], [Eymard, Gallouét & Herbin '00]

> Scharfetter-Gummel fluxes to approximate J> (linear in u)
[Scharfetter-Gummel '69], [Chatard '11]

> SQRA fluxes to approximate J; (nonlinear in uy)
[C. & Venel '22+¢]

u (U1 — u1)

S = —di0xu1 — 7]1(U1)Zl5'x‘~|’7 771(U1) =d 0

Effective resolution
> Nonlinear system ®(uy, W7) = 0 solved with Newton at each time step
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The square root approximation (SQRA) flux

n

1j+3
—_
n n n n
C v (0 Vi)
I I I
Xjy1
Reversible Butler-Volmer law
Jn _ ﬂ n (1_ n ) a wi-wl) 0 (1 _.n ) %(W}’“flllj’-')
1j+3 = T (Mt T )€ Urjalt = U1 )€

Consistent approximation at order 2:
for uy, W smooth, if uf ; = u1(ts, x;) and W = W(t,, x;), then

D1 = 1(tn, Xj172) + O(h?)
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Numerical results

Solution profiles (cations)
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Numerical results

Solution profiles (electrons)
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Numerical results

Solution profiles (electric potential)
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Numerical results

-V curves

34
10 — vDPCM

T T T T T
-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4

Figure: Evolution of the total current for the steady state (in physical units A- m™2) in
terms of the applied potential (in Volts) at pH = 8.5.
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Conclusions and prospects

Conclusions
» Minor modifications (mobility 77, boundary condition for electrons at

oxide/metal interface) of the original (toy) model studied in
[Chainais-Hillairet & Lacroix-Violet "15] to make it free-energy diminishing

» This energetic stability allows to show an existence result without any
condition on the physical parameters following [Gajewski & Groger '89]

» Thermodynamically consistent approximation based on SQRA finite volumes

Prospects
» Numerical evaluation of the influence of these modifications on the solution

» Back to the original problem with moving boundaries
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