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Questions:

® What does conservation mean?
® What are the real requirement of numerical schemes (for compressible problems)?

® |f we meet this, maybe we can get additional freedom to fullfill additional, and
contradictory, properties.
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Overview

@ Introduction
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Introduction-Problem statement

InQCRY d=1,2,3:

au

ot + div f(u) =0 + initial and boundary conditions

P v
u=|pv|,f=]pv®v+pld
E v(E+p)

with equation of state p = p(p, e).
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Introduction-Problem statement

InQCRY d=1,2,3:

au

ot + div f(u) =0 + initial and boundary conditions

P pv
u=|pv|,f=]pv®v+pld
E v(E + p)
with equation of state p = p(p, e).

"non conservative version”:
dp
ot
ov v
— v-Viv4d — =0
e T VIV

+ divpv=0

7]
8—i+[v-V]e+(e+p) divv =0.
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Introduction-Problem statement

InQCRY d=1,2,3:

7]
8—‘: + div f(u) =0 + initial and boundary conditions

o pv
u=|[pv],f=|pv®Vv+pld
E v(E +p)
with equation of state p = p(p, €).
"non conservative version’:
p )
— + divpv=0
ot r
ov Vp

ot
Oe

E+[V~V]e+(e+p) div v =0.

Purpose of the talk: describe (and analyse) 2 ways of discretizing the PDE using
directly the "non conservative” formulation: staggered grid and "Active flux” type

+[v~V]v+— 0
o
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Overview

@® Staggered grid
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Staggered grid approach

® Q = UK, K simplex and conformal mesh

® Approximation: thermodynamics/kinematics

p,e,p € PP (K) C L2(Q),

ve (xPP(K))’ (ﬂ CO(Q))
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Approximation 1D-to make things simpler

linear velocity, piece-wise constant thermodynamic

% opu_ = ,
ot | ox e
Ou du  Op .
- el L _0 - i
Par TP T ax .
de " de tlet )8u 0
Oe , 0¢ ou _
ot " ox Pro
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Density

pep

Use ...a numerical flux f.
Riemann problem: discontinuous p, p,
continuous velocity
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Density

pep

interface

Use ...a numerical flux f.
Riemann problem: discontinuous p, p,
continuous velocity

Godunov: star states defined

(prou,pr) (prsuspR)
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velocity

w € OkP"(K), herer =1

"weak” form
/wp—dx—i—/ —/pVde:O
Q
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velocity
w € @kP"(K), here r =1
"weak" form
/Wp@ dx—l—/p[u-V]u—/pVWdX*O
Q ot Q Q

Choosing test function (and specialise to r = 1 for simplicity: w = ¢;
—
3171/2 ity E‘}rﬂ/z

O

X+l Ou —
/ Pige T Qi1+ Pi12=0
Tit1

Xi—1 ,
Ti-1 T
pi

with
= Xi+1 Ou Xit1 Qo
pi®it1o= / pipu—_— dx —/ P dx+ (pinigi(xiv1) — pivi(xi))

x X x: Ix

i

Xi o Xit+1 i
/3/6)/‘71/2 = /X Wiﬂuafz dx — /x; ' p%% dx + (pigi(xi) — pi—1pi(xi-1))
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velocity

w € @kP"(K), here r =1

"weak”” form 9
u
wp—dx—l—/pu-V u—/ Vw dx =0
/Q ot Q [ ] Qp

Choosing test function (and specialise to r = 1 for simplicity w = p;

[ 1/2 r+1/2
. 8u mm m
/ Pige +¢,+1/2+ 4’, 12=0
Xj—1
Ti-1 T Tit1
with pi

4 i+l Ou XL Ogpj
Pi®iyr2 = / pipu— dx — / p—— dx+ (plLuprxiin) — pf)
X a Xj 8X

i

Faiy/2 (Ui = Uiy/2)

o i Bu i1 Py
pi®iiiy :/ pipu_— dx —/ Pl dx 4 (pf — prseibxi—1
X Ox X 0.

X

i—1 i

a1/ (uj — ﬁ,'—1/2)
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velocity

w € @kP"(K), here r =1

"weak”” form 9
u
wp—dx—l—/pu-V u—/ Vw dx =0
/Q ot Q [ ] Qp

Choosing test function (and specialise to r = 1 for simplicity w = p;

[ 1/2 r+1/2
. 8u mm m
/ Pige +¢,+1/2+ 4’, 12=0
Xj—1
Ti-1 T Tit1
with pi

4 i+l Ou XL Ogpj
Pi®iyr2 = / pipu— dx — / p—— dx+ (plLuprxiin) — pf)
X a Xj 8X

i

Faiy/2 (Ui = Uiy/2)

- X du i g
Hi D10 = ipu— dx — dx R N
Pi®iay /XHWJ » /X’_ P dx+(pf —p 1
a1/ (uj — E,'—1/2)
and
i+1 8 d
Xi+1 ou fX, 1 ‘plpa X 8u’.
/ pi—— dxr ————CF— & (X170 — Xi_1/2)
x_, Ot Di ot
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Internal energy

"weak” form: w € L2(K),

— W—dx:/w(u~Ve+(e+p)divu)dx
K
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Internal energy

"weak” form: w € L%(K),
— W—dx:/W(u-Ve—l—(e—l—p)divu)dx
K

:/ [(div(weu)—wedivu—eu~Vw)+(e+p)divu dx
K
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Internal energy

"weak” form: w € L?(K),
— w—dx:/w(u-Ve—i—(e—i—p)divu)dx
K K

:/ |:(div(weu)—wedivu—eu~Vw>+(e+p)divu dx
K

:/K{(div(weu)—ewVw)—l—pdivu} dx

1034



Internal energy

"weak” form: w € L?(K),
— w—dx:/w(u-Ve+(e+p)divu)dx
K K

:/K[(div(weu)fwedivufeu-VW>+(e+p)divu} dx

/{(div(weu)—ewVw)—i—pdivu} dx

K

:/ Weu~nd*y+/(—eu~Vw+pdivu)dx
oK K
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Internal energy

"weak” form: w € L?(K),
— w—dx:/w(u-Ve—i—(e—i—p)divu)dx
K K

:/ |:(div(weu)fwedivufeu-VW>+(e+p)divu dx
K

:/K{(div(weu)—ewVw)—kpdivu} dx

For piecewise constant:
Xitl Qe Xi+1 i
[ esr et [ (ew Yok pdivu) de («p(x,»ﬂ)e,-ilu,»ﬂfw(x,-)e,-*u,) ~0
Xj Xj

and (here) p =1
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Of course this cannot work. .. !

So far, we have (with Euler forward discretisation in time)

|Cil (P = plk) + @ =0
|Gl — )+ B,y + Yy, =0
|CK|(e,'}+1 — e}’}) + o5 =0
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Of course this cannot work. .. !

So far, we have (with Euler forward discretisation in time)

|CK|(p"+1 )+ ¢§ —0 ov, o kinetic/thermodynamics dofs
e - 1
ICi|(“,{7+1_u,ﬁ)+¢7+1/2+¢;l_1/2:0 |CGE|(/’ng _poE)+¢p
|Cil (e — €f) + % =0 Col(urtt —uz )+ 3 o =0
K,oyeK

|Coel(erf! = e5.) + 95, =0
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Of course this cannot work. .. !

So far, we have (with Euler forward discretisation in time)

|CK|( n+l P + o2 = ov, o kinetic/thermodynamics dofs
— —
|Ci|(“(’+1 —u)+ O+ P, =0 |C"E|(pg:1 —Pog) + 95, =0
ICkl(eg"™ — ek) +®f =0 Coylugy! —ug, )+ > @5 =0
K,oyeK

|CUE|(e"+1 gE) +®5, =0

How can we guaranty local conservation??
Related work by Latché, Herbin et al. in FV context
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Back to basics

Example of momentum

vi C}(R? x RY) test function, Evaluate/estimate

e eum 00 = () e

Questions: What are pk and uX for k= n,n+1?

® Density: approximate in @xP?(K) C L2.
Dofs o,

p(X):Z Z PogPog P(X):Z Z PogPog e(x) = Z Z €opPog-

K opeK K opek K opek
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Back to basics

Example of momentum

vi C}(R? x RY) test function, Evaluate/estimate

e eum 00 = () e

Questions: What are pk and uX for k= n,n+1?

® Density: approximate in @xP?(K) C L2.
Dofs o,

p(X):Z Z PogPog P(X):Z Z PogPog e(x) = Z Z €opPog-

K opeK K opek K opek

e Velocity in ®xP(K) N Go:

u= Z Z Uovwav € Go.

K oyeK
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Back to basics

Example of momentum

vi C}(R? x RY) test function, Evaluate/estimate

e eum 00 = () e

Questions: What are pk and uX for k= n,n+1?

® Density: approximate in @xP?(K) C L2.
Dofs o,

p(X):Z Z PogPog P(X):Z Z PogPog e(x) = Z Z €opPog-

K orek K oreK K orek
e Velocity in ®xP(K) N Go:

u= Z Z Uovwav € Go.

K oyeK

® Localise V:
W e ZVKXKv Vi = v(centroid of K).
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Back to basics

Example of momentum

vi C}(R? x RY) test function, Evaluate/estimate

e eum 00 = () e

Questions: What are pk and uX for k= n,n+1?

® Density: approximate in @xP?(K) C L2.
Dofs o,

p(X):Z Z PogPog P(X):Z Z PogPog e(x) = Z Z €opPog-

K opek K opek K opek

e Velocity in ®xP(K) N Go:

u= Z Z Uovwav € Go.

K oyeK

® Localise V:
W e ZVKXKv Vi = v(centroid of K).

® Write:
pn+1un+1 _ pnun — pn+1 (un+1 _ un) + l‘In (pn+1 _ pn).

University of
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® Update the density: then p” and p"*! are known
® Write: (m = pu)

‘/Rdv(m(x)n-f-l _ m(X)n) dx = zK:VK A (pn+1 (un+1 _ un) 4 un(pn+1 _ pn)) dx
:;VK{ Z (un+l n )Apn+1¢ov+; ngI*UgE)/choEU"(X) dx}

oyEK

” f pn+1,¢]

:ZVK{ ST ICoy(utt - G'V)Kciav
K oyEK l GV|
will

" S popu(x) dx
+Z|C‘7E|(p +1 )K’:’i}
[Coel
whi
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® Update the density: then p” and p"*! are known
® Write: (m = pu)

‘/Rdv(m(x)n-f-l _ m(X)n) dx = zK:VK A (pn+1 (un+1 _ un) 4 un(pn+1 _ pn)) dx
:;VK{ Z (un+l n )Apn+1¢ov+; pg:lfﬂg&.)/choEU"(X) dx}

oyEK

” f pn+1,¢]

:ZVK{ ST ICoy(utt - G'V)Kciav
K oyEK 1Coy |
will

" S popu(x) dx
+Z|C‘7E|(p +1 )K’:’i}
[Coel
whi

® Use the scheme written as

Coyl(ugit —ug,) + At > oF, =0, [Copl(pgt! —pg,) + 052 =
K,oyeK
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® Update the density: then p” and p"*! are known
® Write: (m = pu)

‘/Rdv(m(x)n-f-l _ m(X)n) dx = zK:VK A (pn+1 (un+1 _ un) 4 un(pn+1 _ pn)) dx
:;VK{ Z (un+l n )/’;pn+1¢ov+; pg:lfﬂg&.)/choEU"(X) dx}

oyEK

” f pn+1,¢]

:ZVK{ ST ICoy(utt - gv)chifv
K oy EK ov
will

" S popu(x) dx
+Z|C‘7E|(p +1 )K’:’i}
[Coel
whi

® Use the scheme written as

Coyl(ugit —ug,) + At > oF, =0, [Copl(pgt! —pg,) + 052 =
K,oyeK

® Some algebra. ..
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Back to the basics

...and get:

/ v(m(x)"Jr1 —m(x)") dx + AtZVK{ Z w25¢§v + Z w(’;’EKd)ij} + terms =0
R4 K oy EK opeK

with

uo_ ZK,oVEK fK p"+1¢‘7v 0K _ fK Pogu"(x) dx
7t |Coel TE |Col

Suffisant condition

® Momentum
K K _
E wy P, + E whrel = /aK fm - n dvy

oyeK cpeEK
® Energy
1 2 £
> Pkt D 0, ‘¢3v,K+§Z‘9gv’ b :/ f=(U) -ndy
opEK oyEK oF oK
with _
> JkMpo, dx ~
" K,oy €K 2 Ji GPoop dx
00’\/ = 5 va’ ==
|Coy | [Cogl
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Back to the basics

...and get:

/ v(m(x)"Jr1 —m(x)") dx + AtZVK{ Z w25¢§v + Z w(’;’EKd)ij} + terms =0
R4 K oy EK opeK

with

uo_ ZK,oVEK fK p"+1¢‘7v 0K _ fK Pogu"(x) dx
7t |Coel TE |Col

Suffisant condition

® Momentum
K K _
E wy P, + E whrel = /aK fm - n dvy

oyeK cpeEK
® Energy
1 2 £
> Pkt D 0, ‘¢3v,K+§Z‘9gv’ b :/ f=(U) -ndy
opEK oyEK oF oK
with _
> JkMpo, dx ~
" K,oy €K 2 Ji GPoop dx
00’\/ = 5 va’ ==
|Coy | [Cogl

® Sum: "standard” arguments, Weak BV estimates

1434
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Of course these conditions are not met in general but one can force them:

® Compute p"t1, keep p", u”, e"
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Of course these conditions are not met in general but one can force them:
® Compute p"t1, keep p", u”, e"

® Modify the local update of the velocities so that (d>§v — ¢§V +rf)
S w0, + 3 wrkor = [ fuonay
ovek ocEeK oK

holds true, and update the velocity: we have p"*!, u™1, keep p”, u”, e”

niversity of

urich 15/34



Of course these conditions are not met in general but one can force them:
en

® Compute p"t1, keep p", u”
® Modify the local update of the velocities so that (d>§v — ¢'§V +rf)
S wn o, - Y wrron = [ twnon
ovek ocEeK oK
holds true, and update the velocity: we have p"*l, u™tl keep p", u”, e”
® Modify the local update of the internal energy such that (¢§E — ¢§E + r\’/()

D Pkt D05, ¥kt 29" K¢JE:/6KfE(U)~ndfy

gp€EK oyEK

holds true, and update e"*!
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Of course these conditions are not met in general but one can force them:
en

® Compute p"t1, keep p", u”
® Modify the local update of the velocities so that (d>§v — ¢'§V +rf)

S o, 4 Y wtior,— [ twonas
ovek ocEeK oK
n

holds true, and update the velocity: we have p"*!, u™1, keep p”, u”, e
® Modify the local update of the internal energy such that (¢§E — ¢§E + r\’/()

D Pkt D05, ¥kt 29" K%E:/ FE(U) - n dvy
oK
gp€EK oyEK

holds true, and update e"*!

© The scheme is explicit
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Of course these conditions are not met in general but one can force them:
® Compute p"t1, keep p", u”, e"
® Modify the local update of the velocities so that (d>§v — ¢'§V +rf)

S o, 4 Y wtior,— [ twonas
ovek ocEeK oK

holds true, and update the velocity: we have p"*!, u™1, keep p”, u”, e”
® Modify the local update of the internal energy such that (¢§E — ¢§E + r\’/()

3 Shenct 30 0y 0 = [ 0 nan
opeK oyeK oK
holds true, and update e"*!
© The scheme is explicit

© Masses de coin, etc

) University of
Zurich™
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( y={ (1.0,-20,04), if 00<x<05,
PO, U0, PO) =\ (1.0,2.0,0.4), if 05<x<1,

— Ba
G- Numerica

1

Conservation

16/34
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Sod

Univel
Zurich’

rsity of

® T
Bt
Numerical
08l | -0 without correction |
o
04l
LES
I I I I
02 0 06 08

()

#
sl
os-
o4l
021
| | | |
02 04 3 08

o
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(po, uo, o) =

{

(@)

(1.0,0.0,1000.0),
(1.0,0.0,0.01),

if  x<0.5,
if x> 0.5

—— Bt
— Numerical

1

Conservation
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Overview

© Another point of view: Active flux like
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Another point of view

Question /facts/Motivations

® Can we use at the same time the conservative and non conservative version of the
same model ?
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Another point of view

Question /facts/Motivations

® Can we use at the same time the conservative and non conservative version of the
same model ?

® More cryptic: Initial motivation by Phil Roe and simplify time stepping of RDS

® Came with my own version of AF (again about the time stepping), and realised
by chance a few facts
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Another point of view

Question /facts/Motivations

® Can we use at the same time the conservative and non conservative version of the
same model ?

® More cryptic: Initial motivation by Phil Roe and simplify time stepping of RDS

® Came with my own version of AF (again about the time stepping), and realised
by chance a few facts

® my initial motivation: try a VEM version (Brezzi and some part of the ltalian
school) for hyperbolic problems

University of
Zurich™
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Idea

Given a problem (say compressible)

® Consider 2 versions

Ou  Of(u ov ov
— ():O and —+A— =0
ot Ox ot ox
with
® u=(p,pu,E),and v=u= V(u), sof ¥ =1Id is C! at least. This is the AF version, in
a way.
® u=(p,pu,E), and v = (p,u,p), u=W(v)is C! at least.
® u=(p,pu,E), and v =(s,u,p), u=VY(v)is C' at least.
" Uit/
Vit1

Vi

® u;/p average value

® v, ujy1/o node values at X e e e e

Xj + Xj41/2
2

and xj1/0 = z; Tip
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Idea

Given a problem (say compressible)

® Consider 2 versions

Ou  Of(u ov ov
— ():O and —+A— =0
ot Ox ot ox
with
® u=(p,pu,E),and v=u= V(u), sof ¥ =1Id is C! at least. This is the AF version, in
a way.
® u=(p,pu,E), and v = (p,u,p), u=W(v)is C! at least.
® u=(p,pu,E), and v =(s,u,p), u=VY(v)is C' at least.
® Spatial representation: x; < Xj41
" Wit1/2
Notations:
Vit1

Vi

® u;/p average value

® v, ujy1/o node values at X e e e e

Xj + Xj41/2
2

and xj1/0 = z; Tip
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Idea

Given a problem (say compressible)

® Consider 2 versions

0 of 0 0
Qu O o and 24 a2 g
ot ox ot ox
with
® u=(p,pu,E), and v=u= W(u), sof W = Id is C! at least. This is the AF version, in

a way.
® u=(p,pu,E), and v = (p,u,p), u=W(v)is C! at least.
® u=(p,pu,E), and v =(s,u,p), u=VY(v)is C' at least.

® Spatial representation: x; < Xj41

® Conservative approximation in [x;, x;+1], the other one at the x;'s

" Uit/
Notations:

® u;/p average value Vi

Vit1

[ ] . . .

Vj , Uj 1/ node values at X e e e e
Xj + Xj41/2

and Xj+1/2 = T T Tit+1

21/



Tz

® Use the conservative form in el
[xi, xi+1] One degree of
freedom

® Use the non conservative
form at the grid points ‘v
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Tz

® Use the conservative form in wel

[xi, xi+1] One degree of
freedom

® Use the non conservative
form at the grid points

® Reminiscient of Active Flux w‘

(Roe) if use conservative .
form at the vertices B ws e
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T

® Use the conservative form in
[xi, xi+1] One degree of

freedom

® Use the non conservative P
form at the grid points w\ \ {

® Reminiscient of Active Flux 3 Lo, .
(Roe) if use conservative B u e

form at the vertices .
Quadratic Ry: Ru(x;) = u;, Ru(xi+1) = ujy1,

Xi+1
/ Ru(x)dx = Axiy1/0Uj41)2

i
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T

® Use the conservative form in
[xi, xi+1] One degree of

freedom

® Use the non conservative P
form at the grid points w\ \ {

® Reminiscient of Active Flux 3 Lo, .
(Roe) if use conservative B u e

form at the vertices .
Quadratic Ry: Ru(x;) = u;, Ru(xi+1) = ujy1,

Xi+1
/ Ru(x)dx = Axiy1/0Uj41)2

i

Simpson formula: U; /> = %(u,— +4ui 1+ u,-+1)

niversity of
urich 22/34



First order in time

® Average values:

At
Axiy1)2

(F(uiy1) — f(uy)).

—n+1 __ —=n _
Uir12 = Yig1)2
® System at point values

«— —
vt — vy +At(¢,~+1/2 + ¢i71/2) =0

= . . . . ov |
Piipisa (for example) consistent approximation of A~ x using data on
X

[xi, xi12]

— . . . . ov
® ;.15 is a (for example) consistent approximation of A*a— using data on
X

[xi, Xiz1/2]

2/



Two examples

® First order

Vi —Vjt1/2
Djp12x/2]

® Second and higher order: Based on lIserle’s paper (IMA J. Num. Anal, 1981

Vie1/2 — Vi

N
® 172 = AT(vi) Dj_1/2%/2

by _
Pi1p=A (vi)

University of
Zurich™
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Some numerical illustrations
Sod

1 T
4 - Y ]
AY — Iooptenro03 — i0ewo03
— 1000ptenro03 — 1000en003
— 100p03mo0d — 100pmood
~ 1000pmand 03 — oopmae
cons
100cns03moos imamsr
0s

University of
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Shu-Osher

ne |
— Ref
r —— 400 pts )
— 800pts
- —_ 1600 pts /\/\)
— 200 pts
! ! ! ! !
0 4 2 0 2 4

niversity of

urich 27/34



Shu-Osher
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Shu-Osher

— Ref (10000 pts)
— 800ptsO3lim

- —— 400 ptsO3lim /\/\]
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LeBlanc

— Exact
—— 400 pts
G—© 800 pts
> = 10000 pts

|

!

0.1

|

!

0.01

|

0.001 %

0.0001
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LeBlanc

0.1

0.01

0.001

.0001
00006

T

T T T T

T

— Exact

- 400 pts
G—© 800 pts
>~ x 10000 pts

ool il

Lol

Lo
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LeBlanc
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Why does it works?

At,
—n+l _ =n n
“J/‘7+1/2 =W T A T (f(u],y) — f(uf)),
—_———
=6j11/2f
and
1
vitt = Atrr(“’1+1/2 + ¢J 1/2)
At, YN
_ At Ats v A= Ajr1/2 j—1/2
TN 2
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Why does it works?

Aty
=n+1 =n
“,r:rl/z =Up g0~ 7A e (f(u],y) — f(uf)),
—,_/
=0j11/2f
and
VJ"1+1 At”(¢j-¢—1/2 + ¢J 1/2)
) A
_n_ At Atag A — Ajrip+Ajo1e
NS J 2

J

Using uj"+1 = \Il(vj'.’Jrl), we get

Aj(uj"Jr1 — uj") + Atpdxu; =0
with A A
. t )
Sxuj = f (w(vj" A," ovj) — V(v )),

whlch thanks to the assumptions we have made on W + Lipschitz continuity of the ¢
and d>

p p
11 /2]l < ClISxvill < € D s = vigrpall < € D Hlujr — ujag|l
j=—pr I==p
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We have

/ @(x, ta)(u(x, the1 — u(x, ta)) dx = Z/ P(x, ta)(u(x, tht1 — u(x, ta)) dx

i€EL

A1)
= 3 S (o )~ )+ 200 )
i€Z

e (el — D))
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setting 6

A
j+1/2 n n+1/2 1/2 n+1/2
[ 2} L6 (%"j+15j ”+4‘PJ+1/25,+1/2“+‘PJ‘5 )
Xj X1l €

n+1/2 n+1
=u; —uj’.', Aji1/2 = Xj+1 — Xj, we get

_ i n n+1/2-
= Z A/+1/2‘F’j+1/2‘sj+1/2“
bl €z
1/2
n+ / u

+ Z J {Aj+1/2 (<Pj - <Pj+1/2) +A 1 (‘Pj - 80171/2)} .

JEZ

Sn

so that we get

A
j+1/2 n+1/2 1/2 nsntl/2
Z Z 6 ( J+1‘S u+ 4‘Pj+1/251+1/2 ute 5 “)

n€N [x;,x;11],JEZ
HAGY Y Pl
neN [xj,xj11],j €L

+ Z AtaSp =0 Sj41/0f = Fujt1) — ()
neN

University of
Zurich™

11/



Conclude by

® Standard arguments for

A.

j+1/2 n+1/2 n+1/2 n+1/2
X > T (s@,’-’+15j U+ 4971720012 M+ 4]0 “)
neN [x;,x;11],J€EZ

and
Z Aty Z <Pf+1/25j+1/2f
neN [xj>xj 1],/ €Z
® Weak BV estimates for
> AtS, =0
neN

Ref: R. Abgrall, arxiv https://arxiv.org/abs/2011.12572, submitted 2020
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Conclusions

® Two kind of new schemes
® Mathematical arguments to explain why this works
® AF version R. A., arxiv https://arxiv.org/abs/2011.12572, submitted 2020

® Staggerred grid: a priori any order (same construction),
RA, K. lvanova, Staggered Residual Distribution scheme for compressible flow, to
be submitted
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