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Questions:

• What does conservation mean?

• What are the real requirement of numerical schemes (for compressible problems)?

• If we meet this, maybe we can get additional freedom to fullfill additional, and
contradictory, properties.
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Introduction-Problem statement

In Ω ⊂ Rd , d = 1, 2, 3:

∂u

∂t
+ div f(u) = 0 + initial and boundary conditions

u =

 ρ
ρv
E

 , f =

 ρv
ρv ⊗ v + pId
v(E + p)


with equation of state p = p(ρ, e).

”non conservative version”:
∂ρ

∂t
+ div ρv = 0

∂v

∂t
+
[
v · ∇

]
v +
∇p
ρ

= 0

∂e

∂t
+
[
v · ∇

]
e + (e + p) div v = 0.
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Purpose of the talk: describe (and analyse) 2 ways of discretizing the PDE using
directly the ”non conservative” formulation: staggered grid and ”Active flux” type
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Staggered grid approach

• Ω = ∪K , K simplex and conformal mesh

• Approximation: thermodynamics/kinematics

ρ, e, p ∈ ⊕KPr (K) ⊂ L2(Ω),

v ∈
(
⊕K Pp(K)

)d (
∩ C0(Ω)

)
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Approximation 1D-to make things simpler
linear velocity, piece-wise constant thermodynamic

∂ρ

∂t
+
∂ρu

∂x
= 0

ρ
∂u

∂t
+ ρu

∂u

∂x
+
∂p

∂x
= 0

∂e

∂t
+ u

∂e

∂x
+ (e + p)

∂u

∂x
= 0

ρ, e, p

u

1
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Density

Use . . . a numerical flux f̂.
Riemann problem: discontinuous ρ, p,
continuous velocity

ρ, e, p

u

1
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Density

Use . . . a numerical flux f̂.
Riemann problem: discontinuous ρ, p,
continuous velocity

Godunov: star states defined

ρ, e, p

u

1

u!

interface

!L !R

(ρL, u, pL) (ρR, u, pR)

1
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velocity

w ∈ ⊕KPr (K), here r = 1
”weak” form ∫

Ω
wρ

∂u

∂t
dx +

∫
Ω
ρ
[
u · ∇

]
u−

∫
Ω
p∇w dx = 0

Choosing test function (and specialise to r = 1 for simplicity: w = ϕi

∫ xi+1

xi−1

ϕi
∂u

∂t
+
←−
Φ i+1/2 +

−→
Φ i−1/2 = 0

with

ρ̂i
←−
Φ i+1/2 =

∫ xi+1

xi

ϕiρu
∂u

∂x
dx−

∫ xi+1

xi

p
∂ϕi

∂x
dx +

(
−
)

ρ̂i
−→
Φ i−1/2 =

∫ xi

xi−1

ϕiρu
∂u

∂x
dx−

∫ xi+1

xi

p
∂ϕi

∂x
dx +

(
−
)

and ∫ xi+1

xi−1

ϕi
∂u

∂t
dx ≈

∫ xi+1
xi−1

ϕiρ
∂u

∂t
dx

ρ̂i
≈
(
xi+1/2 − xi−1/2

)∂ui
∂t

Conservation 9/34



velocity

w ∈ ⊕KPr (K), here r = 1
”weak” form ∫

Ω
wρ

∂u

∂t
dx +

∫
Ω
ρ
[
u · ∇

]
u−

∫
Ω
p∇w dx = 0

Choosing test function (and specialise to r = 1 for simplicity: w = ϕi

∫ xi+1

xi−1

ϕi
∂u

∂t
+
←−
Φ i+1/2 +

−→
Φ i−1/2 = 0

xi xi+1xi−1

−→
Φ i+1/2

←−
Φ i+1/2

−→
Φ i−1/2

ρ̂i

1

with

ρ̂i
←−
Φ i+1/2 =

∫ xi+1

xi

ϕiρu
∂u

∂x
dx−

∫ xi+1

xi

p
∂ϕi

∂x
dx +

(
pi+1ϕi (xi+1)− piϕi (xi )

)

ρ̂i
−→
Φ i−1/2 =

∫ xi

xi−1

ϕiρu
∂u

∂x
dx−

∫ xi+1

xi

p
∂ϕi

∂x
dx +

(
piϕi (xi )− pi−1ϕi (xi−1)

)

and ∫ xi+1

xi−1

ϕi
∂u

∂t
dx ≈

∫ xi+1
xi−1

ϕiρ
∂u

∂t
dx

ρ̂i
≈
(
xi+1/2 − xi−1/2

)∂ui
∂t

Conservation 9/34



velocity

w ∈ ⊕KPr (K), here r = 1
”weak” form ∫

Ω
wρ

∂u

∂t
dx +

∫
Ω
ρ
[
u · ∇

]
u−

∫
Ω
p∇w dx = 0

Choosing test function (and specialise to r = 1 for simplicity: w = ϕi

∫ xi+1

xi−1

ϕi
∂u

∂t
+
←−
Φ i+1/2 +

−→
Φ i−1/2 = 0

xi xi+1xi−1

−→
Φ i+1/2

←−
Φ i+1/2

−→
Φ i−1/2

ρ̂i

1

with

ρ̂i
←−
Φ i+1/2 =

∫ xi+1

xi

ϕiρu
∂u

∂x
dx−

∫ xi+1

xi

p
∂ϕi

∂x
dx +

(
��
���p?i+1ϕi (xi+1)− p?i

)
+αi+1/2

(
ui − ui+1/2

)
ρ̂i
−→
Φ i−1/2 =

∫ xi

xi−1

ϕiρu
∂u

∂x
dx−

∫ xi+1

xi

p
∂ϕi

∂x
dx +

(
p?i −((((

(p?i−1ϕi (xi−1)
)

+αi−1/2

(
ui − ui−1/2

)
and ∫ xi+1

xi−1

ϕi
∂u

∂t
dx ≈

∫ xi+1
xi−1

ϕiρ
∂u

∂t
dx

ρ̂i
≈
(
xi+1/2 − xi−1/2

)∂ui
∂t

Conservation 9/34



velocity

w ∈ ⊕KPr (K), here r = 1
”weak” form ∫

Ω
wρ

∂u

∂t
dx +

∫
Ω
ρ
[
u · ∇

]
u−

∫
Ω
p∇w dx = 0

Choosing test function (and specialise to r = 1 for simplicity: w = ϕi

∫ xi+1

xi−1

ϕi
∂u

∂t
+
←−
Φ i+1/2 +

−→
Φ i−1/2 = 0

xi xi+1xi−1

−→
Φ i+1/2

←−
Φ i+1/2

−→
Φ i−1/2

ρ̂i

1

with

ρ̂i
←−
Φ i+1/2 =

∫ xi+1

xi

ϕiρu
∂u

∂x
dx−

∫ xi+1

xi

p
∂ϕi

∂x
dx +

(
��
���p?i+1ϕi (xi+1)− p?i

)
+αi+1/2

(
ui − ui+1/2

)
ρ̂i
−→
Φ i−1/2 =

∫ xi

xi−1

ϕiρu
∂u

∂x
dx−

∫ xi+1

xi

p
∂ϕi

∂x
dx +

(
p?i −((((

(p?i−1ϕi (xi−1)
)

+αi−1/2

(
ui − ui−1/2

)
and ∫ xi+1

xi−1

ϕi
∂u

∂t
dx ≈

∫ xi+1
xi−1

ϕiρ
∂u

∂t
dx

ρ̂i
≈
(
xi+1/2 − xi−1/2

)∂ui
∂t

Conservation 9/34



Internal energy

”weak” form: w ∈ L2(K),

−
∫
K
w
∂e

∂t
dx =

∫
K
w
(
u · ∇e + (e + p) div u

)
dx

For piecewise constant:∫ xi+1

xi

ϕ
∂e

∂t
dx +

∫ xi+1

xi

(
−e u ·∇ϕ+p div u

)
dx +

(
ϕ(xi+1)e?i+1ui+1−ϕ(xi )e

?
i ui

)
= 0

and (here) ϕ = 1
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Of course this cannot work. . . !

So far, we have (with Euler forward discretisation in time)

|CK |
(
ρn+1
K − ρnK ) + ΦρK = 0

|Ci |(un+1
i − uni ) +

←−
Φ u

i+1/2 +
−→
Φ u

i−1/2 = 0

|CK |
(
en+1
K − enK

)
+ Φe

K = 0

σV , σE kinetic/thermodynamics dofs

|CσE |
(
ρn+1
σE
− ρnσE ) + ΦρσE = 0

|CσV |(u
n+1
σV
− unσV ) +

∑
K ,σV∈K

ΦK ,u
σV

= 0

|CσE |
(
en+1
σE
− enσE

)
+ Φe

σE
= 0
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How can we guaranty local conservation??
Related work by Latché, Herbin et al. in FV context
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Back to basics
Example of momentum

v : C1
0 (Rd × R+) test function, Evaluate/estimate∫

Rd
v
(
ρn+1(x)un+1(x)− ρn(x)un(x)

)
dx

Questions: What are ρk and uk for k = n, n + 1?

• Density: approximate in ⊕KPd (K) ⊂ L2.
Dofs σE ,

ρ(x) =
∑
K

∑
σE∈K

ρσEϕσE , p(x) =
∑
K

∑
σE∈K

pσEϕσE , e(x) =
∑
K

∑
σE∈K

eσEϕσE .

• Velocity in ⊕KPd (K) ∩ C0:

u =
∑
K

∑
σV∈K

uσV ψσV ∈ C0.

• Localise V:
V ≈

∑
K

VKχK , VK = v(centroid of K).

• Write:
ρn+1un+1 − ρnun = ρn+1

(
un+1 − un

)
+ un

(
ρn+1 − ρn

)
.
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• Update the density: then ρn and ρn+1 are known

• Write: (m = ρu)∫
Rd
V
(
m(x)n+1 −m(x)n

)
dx =

∑
K

VK
∫
K

(
ρn+1

(
un+1 − un

)
+ un

(
ρn+1 − ρn

))
dx

=
∑
K

VK
{ ∑
σV∈K

(
un+1
σV
− unσV

) ∫
K
ρn+1ψσV +

∑
σE

(
ρn+1
σE
− σn

σE

) ∫
K
ϕσE u

n(x) dx

}

=
∑
K

VK
{ ∑
σV∈K

|CσV |
(
un+1
σV
− unσV )

∫
K ρ

n+1ψσV
|CσV |︸ ︷︷ ︸
ω
u,K
σV

+
∑
σE

|CσE |
(
ρn+1
σE
− σn

σE

) ∫
K ϕσE u

n(x) dx

|CσE |︸ ︷︷ ︸
ω
ρ,K
σE

}

• Use the scheme written as

|CσV |
(
un+1
σV
− unσV

)
+ ∆t

∑
K ,σV∈K

ΦK
σV

= 0, |CσE |
(
ρn+1
σE
− ρnσE

)
+ ΦK ,ρ

σE
= 0

• Some algebra. . .
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− ρnσE

)
+ ΦK ,ρ

σE
= 0

• Some algebra. . .
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• Update the density: then ρn and ρn+1 are known

• Write: (m = ρu)∫
Rd
V
(
m(x)n+1 −m(x)n

)
dx =

∑
K

VK
∫
K

(
ρn+1

(
un+1 − un

)
+ un

(
ρn+1 − ρn

))
dx

=
∑
K

VK
{ ∑
σV∈K

(
un+1
σV
− unσV

) ∫
K
ρn+1ψσV +

∑
σE

(
ρn+1
σE
− σn

σE

) ∫
K
ϕσE u

n(x) dx

}

=
∑
K

VK
{ ∑
σV∈K

|CσV |
(
un+1
σV
− unσV )

∫
K ρ

n+1ψσV
|CσV |︸ ︷︷ ︸
ω
u,K
σV

+
∑
σE

|CσE |
(
ρn+1
σE
− σn

σE

) ∫
K ϕσE u

n(x) dx
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ω
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Back to the basics

. . . and get:∫
Rd

v
(
m(x)n+1 −m(x)n

)
dx + ∆t

∑
K

VK
{ ∑
σV∈K

ωu
σE

ΦK
σV

+
∑
σE∈K

ωρ,KσE ΦρσE

}
+ terms = 0

with

ωu
σE

=

∑
K ,σV∈K

∫
K ρ

n+1ψσV

|CσE |
, ωρ,KσE =

∫
K ϕσE u

n(x) dx

|CσE |

Suffisant condition
• Momentum ∑

σV∈K
ωu
σE

ΦK
σV

+
∑
σE∈K

ωρ,KσE ΦρσE =

∫
∂K

fm · n dγ

• Energy∑
σE∈K

Φe
σE ,K

+
∑
σV∈K

θmσV · Φ
u
σV ,K

+
1

2

∑
σE

θq
2,K
σV

ΦσE =

∫
∂K

fE (U) · n dγ

with

θmσV =

∑
K ,σV∈K

∫
K m̃ϕσV dx

|CσV |
, θq

2,K
σV

=

∫
K q̃2ϕσE dx

|CσE |
• Sum: ”standard” arguments, Weak BV estimates
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Of course these conditions are not met in general but one can force them:

1 Compute ρn+1, keep ρn, un, en

2 Modify the local update of the velocities so that (ΦK
σV
→ ΦK

σV
+ rKV )

∑
σV∈K

ωu
σE

ΦK
σV

+
∑
σE∈K

ωρ,KσE ΦρσE =

∫
∂K

fm · n dγ

holds true, and update the velocity: we have ρn+1, un+1, keep ρn, un, en

3 Modify the local update of the internal energy such that (ΦK
σE
→ ΦK

σE
+ rKV )

∑
σE∈K

Φe
σE ,K

+
∑
σV∈K

θmσV · Φ
u
σV ,K

+
1

2

∑
σE

θq
2,K
σV

ΦσE =

∫
∂K

fE (U) · n dγ

holds true, and update en+1

4 The scheme is explicit

5 Masses de coin, etc
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(ρ0, u0, p0) =

{
(1.0,−2.0, 0.4), if 0.0 ≤ x < 0.5,
(1.0, 2.0, 0.4), if 0.5 < x < 1,

(1)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Exact
Numerical

(a)

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

Exact
Numerical

(b)

0 0.2 0.4 0.6 0.8 1
-2

-1

0

1

2

Exact
Numerical

(c)

Figure: The solution for density, velocity, pressure and internal energy for the 123-problem at
T = 0.15,CFL = 0.4.
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Sod

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Exact
Numerical
without correction

(a)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Exact
Without correction
Numerical

(b)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Exact
Numerical
without correction

(c)

Figure: Solution of the Sod shock tube problem at T = 0.16,CFL = 0.4.. Exact, Numerical and
without correction
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(ρ0, u0, p0) =

{
(1.0, 0.0, 1000.0), if x < 0.5,

(1.0, 0.0, 0.01), if x > 0.5,
(2)

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

Exact
Numerical

(a)

0 0.2 0.4 0.6 0.8 1

10

100

1000

Exact
Numerical

(b)

0 0.2 0.4 0.6 0.8 1
0

5

10

15

20

Exact
Numerical

(c)

Figure: Solution of the strong shock problem at T = 0.012,CFL = 0.01.

Conservation 18/34



Overview

1 Introduction

2 Staggered grid

3 Another point of view: Active flux like

4 Conclusion
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Another point of view

Question/facts/Motivations

• Can we use at the same time the conservative and non conservative version of the
same model ?

• More cryptic: Initial motivation by Phil Roe and simplify time stepping of RDS

• Came with my own version of AF (again about the time stepping), and realised
by chance a few facts

• my initial motivation: try a VEM version (Brezzi and some part of the Italian
school) for hyperbolic problems
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Idea

Given a problem (say compressible)

• Consider 2 versions

∂u

∂t
+
∂f(u)

∂x
= 0 and

∂v

∂t
+ A

∂v

∂x
= 0

with
• u = (ρ, ρu, E), and v = u = Ψ(u), sof Ψ = Id is C 1 at least. This is the AF version, in

a way.
• u = (ρ, ρu, E), and v = (ρ, u, p), u = Ψ(v) is C 1 at least.
• u = (ρ, ρu, E), and v = (s, u, p), u = Ψ(v) is C 1 at least.

• Spatial representation: xi < xi+1

• Conservative approximation in [xi , xi+1], the other one at the xi ’s

Notations:
• uj+1/2 average value

• vj , uj+1/2 node values at xj

and xj+1/2 =
xj + xj+1/2

2
xi xi+1

vi
vi+1

ui+1/2

1
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• Use the conservative form in
[xi , xi+1] One degree of
freedom

• Use the non conservative
form at the grid points

• Reminiscient of Active Flux
(Roe) if use conservative
form at the vertices xi xi+1

vi vi+1

ui

ui

ui+1

ui+1

ui+1/2

ui+1/2

ui+1/2

Ψ

1
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• Use the conservative form in
[xi , xi+1] One degree of
freedom

• Use the non conservative
form at the grid points

• Reminiscient of Active Flux
(Roe) if use conservative
form at the vertices

xi xi+1

vi vi+1

ui

ui

ui+1

ui+1

ui+1/2

ui+1/2

ui+1/2

Ψ

1

Quadratic Ru : Ru(xi ) = ui ,Ru(xi+1) = ui+1,∫ xi+1

xi

Ru(x)dx = ∆xi+1/2ui+1/2
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• Use the conservative form in
[xi , xi+1] One degree of
freedom

• Use the non conservative
form at the grid points

• Reminiscient of Active Flux
(Roe) if use conservative
form at the vertices

xi xi+1

vi vi+1

ui

ui

ui+1

ui+1

ui+1/2

ui+1/2

ui+1/2

Ψ

1

Quadratic Ru : Ru(xi ) = ui ,Ru(xi+1) = ui+1,∫ xi+1

xi

Ru(x)dx = ∆xi+1/2ui+1/2

Simpson formula: ui+1/2 = 1
6

(
ui + 4ui+1/2 + ui+1

)
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First order in time

• Average values:

un+1
i+1/2

= uni+1/2 −
∆t

∆xi+1/2

(
f(ui+1)− f(ui )

)
.

• System at point values

vn+1
i − vni + ∆t

(
←−
Φ i+1/2 +

−→
Φ i−1/2

)
= 0

• ←−Φ i+1/2 is a (for example) consistent approximation of A−
∂v

∂x
using data on

[xi , xi+1/2]

• −→Φ i+1/2 is a (for example) consistent approximation of A+ ∂v

∂x
using data on

[xi , xi+1/2]
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Two examples

• First order

←−
Φ i+1/2 = A−(vi )

vi − vi+1/2

∆i+1/2x/2
,
−→
Φ i+1/2 = A+(vi )

vi−1/2 − vi

∆i−1/2x/2

• Second and higher order: Based on Iserle’s paper (IMA J. Num. Anal, 1981

xi xi+1

vi vi+1

ui ui+1

ui+1/2

ui+1/2

Ψ

1
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Some numerical illustrations
Sod

0 0.2 0.4 0.6 0.8 1
0

0.5

1 Exact
100pt entro O3
1000 pt entro O3
100 pt O3 mood
1000 p mood O3
100 cons O3 mood
1000 cons O3 mood

0 0.2 0.4 0.6 0.8 1

0

0.5

1

Exact
100 entro O3
1000 entro O3
100 p mood
1000 p mood
100 cons mood
1000 cons mood

0 0.2 0.4 0.6 0.8 1
0

0.5

1 Exact p
100 entro O3
1000 entro O3
100 p O3 mood
1000 p O3 mood
100 cons O3 mood
1000 cons O3 mood
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0 0.2 0.4 0.6 0.8 1
0.8

1

1.2

1.4

1.6

1.8

2

Exact
100 entro O3
1000 entro O3
100 p mood
1000 p mood
100 cons mood
1000 cons mood

0.45 0.5 0.55 0.6 0.65 0.7

1

100 cons O3 mood 2 3 3 
1000 cons O3 mood
100 p mood 1 3 3 
1000 p mood 1 3 3 
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Shu-Osher

-4 -2 0 2 4
0

1

2

3

4

5

Ref
400 pts
800 pts
1600 pts
200 pts
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Shu-Osher

-4 -2 0 2 4
0

1

2

3

4

5

Ref (10000 pts )
800 pts O3 lim
400 pts O3 lim
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LeBlanc

0 2 4 6 8
0.0001

0.001

0.01

0.1

1
Exact
400 pts
800 pts
10000 pts
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LeBlanc

6 7 8
0.0001

0.001

0.01

0.1

1
Exact
400 pts
800 pts
10000 pts
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LeBlanc

8

0.001

0.01

Exact
400 pts
800 pts
10000 pts
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Why does it works?

ūn+1
j+1/2

= ūnj+1/2 −
∆tn

∆j+1/2

(
f(unj+1)− f(unj )︸ ︷︷ ︸

:=δj+1/2f

)
,

and

vn+1
j = vnj −∆tn

(←−
Φ v

j+1/2 +
−→
Φ v

j−1/2

)
= vnj −

∆tn

∆j
δxvj , ∆j =

∆j+1/2 + ∆j−1/2

2

Using un+1
j = Ψ(vn+1

j ), we get

∆j

(
un+1
j − unj

)
+ ∆tnδxuj = 0

with

δxuj =
∆j

∆tn

(
Ψ(vnj −

∆tn

∆j
δvj )−Ψ(vnj )

)
,

which, thanks to the assumptions we have made on Ψ + Lipschitz continuity of the
←−
Φ

and
−→
Φ :

‖δxuj+1/2‖ ≤ C‖δxvj‖ ≤ C

p∑
j=−p

‖vj+l − vj+l+1‖ ≤ C

p∑
l=−p

‖uj+l − uj+1+l‖
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We have∫
R
ϕ(x , tn)(u(x , tn+1 − u(x , tn)) dx =

∑
i∈Z

∫ xi+1

xi

ϕ(x , tn)(u(x , tn+1 − u(x , tn)) dx

≈
∑
i∈Z

∆j+1/2

6

(
ϕ(xi , tn)(uni − un+1

i ) + 4ϕ(xi+1/2tn)(uni+1/2 − un+1
i+1/2

)

+ ϕ(xi+1, tn)(uni+1 − un+1
i+1 )

)
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setting δ
n+1/2
j u = un+1

j − unj , ∆j+1/2 = xj+1 − xj , we get

∑
[xj ,xj+1],j∈Z

∆j+1/2

6

(
ϕn
j+1δ

n+1/2
j u + 4ϕn

j+1/2δ
n+1/2
j+1/2

u + ϕn
j δ

n+1/2
j u

)

=
∑

[xj ,xj+1],j∈Z
∆j+1/2ϕ

n
j+1/2δ

n+1/2
j+1/2

ū

+
∑
j∈Z

δ
n+1/2
j u

6

{
∆j+1/2

(
ϕj − ϕj+1/2

)
+ ∆j−1/2

(
ϕj − ϕj−1/2

)}
︸ ︷︷ ︸

Sn

.

so that we get

∑
n∈N

∑
[xj ,xj+1],j∈Z

∆j+1/2

6

(
ϕn
j+1δ

n+1/2
j u + 4ϕn

j+1/2δ
n+1/2
j+1/2

u + ϕn
j δ

n+1/2
j u

)
+ ∆tn

∑
n∈N

∑
[xj ,xj+1],j∈Z

ϕn
j+1/2δj+1/2f

+
∑
n∈N

∆tnSn = 0 δj+1/2f = f(uj+1)− f(uj )
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Conclude by

• Standard arguments for

∑
n∈N

∑
[xj ,xj+1],j∈Z

∆j+1/2

6

(
ϕn
j+1δ

n+1/2
j u + 4ϕn

j+1/2δ
n+1/2
j+1/2

u + ϕn
j δ

n+1/2
j u

)

and ∑
n∈N

∆tn
∑

[xj ,xj+1],j∈Z
ϕn
j+1/2δj+1/2f

• Weak BV estimates for ∑
n∈N

∆tnSn → 0

Ref: R. Abgrall, arxiv https://arxiv.org/abs/2011.12572, submitted 2020
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Conclusions

• Two kind of new schemes

• Mathematical arguments to explain why this works

• AF version R. A., arxiv https://arxiv.org/abs/2011.12572, submitted 2020

• Staggerred grid: a priori any order (same construction),
RA, K. Ivanova, Staggered Residual Distribution scheme for compressible flow, to
be submitted
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